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Statistical Evaluation of Voltage Variations via Physically 
Based Modeling and Simulation 

 
 

Abstract:   
 
The majority of power quality problems are associated with 
voltage variations at the customer site. The voltage variations 
may be (a) temporary disturbances that may originate anywhere 
in the system and (b) waveform distortion from nonlinear loads.  
The sources of disturbances are multiple and with varying 
parameters.  For example in many places of the world, the most 
frequent disturbances originate from lightning activity near 
electric installations.  Lightning may result in flashover causing 
voltage sags to some portion of the distribution system, voltage 
swell to other areas, as well as interruption of power.  The 
number of customers affected depends on the design of the 
system and placement of interruption devices, while the level of 
voltage sags or swells may depend on the grounding system, size 
of neutral, etc. Three-phase distribution systems circuits may 
consist of 3-wires, 4-wires or 5-wires.  Each of these topologies 
results in different behavior in the presence of disturbances.  
Furthermore, the advent of distributed generation exacerbates 
these differences.  To properly capture these effects, new system 
modeling tools are needed that explicitly represent these design 
details of the system.  This paper discusses various modeling 
methodologies suitable for voltage variation assessment. Since 
many of the parameters affecting voltage variations are random, 
emphasis is placed on statistical methods. The modeling 
approaches discussed include steady state analysis, transient 
analysis and statistical techniques (Monte Carlo simulation).  
The methods are demonstrated on a number of example systems. 
 

Introduction 
 
Disturbances that affect power quality are multiple: (a) lightning, 
(b) switching, (c) power faults, (d) feeder energization inrush 
currents, (e) motor start, (f) load imbalance, (g) harmonics and 
resonance, (h) EMI, etc. The effects on the end user could be 
voltage distortion, voltage sags, voltage swells, outages, voltage 
imbalance, etc. These effects may have different levels of impact 
depending on the susceptibility of the end-user equipment. For a 
specific susceptibility of end-user equipment, the impact of 
disturbances can be mitigated by design modifications of circuit 
layout, grounding system design, overvoltage protection, filters, 
use of steel conduit, use of additional transformers, etc. 
Traditional power system analysis methods are based on models 

that do not capture these phenomena, for example, the most 
usual models of sequence components do not predict the voltages 
in neutrals or grounds and therefore are not appropriate for 
accurate prediction of voltage variations. This paper proposes a 
new modeling approach and analysis method for better voltage 
disturbance evaluation. We address the steady state case as well 
as transient case. 
 
The proposed method is based on modeling electric power 
system in their physical configuration, i.e. 3-wire, 4-wire or 5-
wire system without the use of any transformations such as the 
symmetrical component transformation. We also propose a new 
analysis method for the overall electric power system modeled 
with physical models. The proposed methodology is capable of 
modeling systems with three phase wires, four wires (three phase 
and a neutral/or ground wire), five wires (three phase wires, 
neutral and a ground wire), single and double phase circuits, 
grounding and bonding points, grounding systems, etc. Here we 
discuss analysis methods with these capabilities. The proposed 
methodology has additional desirable features. For example a 
physically based model can explicitly represent grounding 
systems, the size of the neutral wire, the ground wires, etc. These 
practices have been known to have great effects on power 
quality. Another important property is that a physically based 
model and analysis procedure provides the means to expose the 
interrelationship between the physical parameters and power 
quality.  This property naturally leads to comprehensive cost-
benefit analysis. 
 
The paper presents the proposed methodology and provides two 
practical examples. 
 

Models for Power Quality Assessment 
Power quality is affected by design issues such as 3-wire system 
(three-phase wires), 4-wire system (three-phase wires plus a 
neutral or ground wire) and 5-wire system (three-phase wires, a 
neutral and a ground wire), relative size of neutral and ground 
wires, bonding arrangements, etc. Models for power quality 
assessment should be able to capture the phenomena occurring in 
various possible arrangements. It is quite often that the same 
system may transit from 3-wires into 4-wires, 5-wires and back 
to 3-wires, etc. In addition, many voltage transformations can 
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occur. Consider for example a typical distribution system 
consisting a typical overhead distribution system, underground 
feeders, electric loads motors, etc. The medium voltage 
distribution system may be a 4-wire system, some of the 
secondary voltage circuits may be 5-wire systems, some 3-wire 
systems, etc. The loading of the system may consist of three 
phase loads as well as single phase loads. This system may be 
subjected to a number of disturbances, exogenous such as 
lightning as well as system internal disturbances such as motor 
start-up and shutdown, distorting loads, switchings, etc. Typical 
phenomena to be studied may be transient (lightning, motor start-
up, etc.) and/or phenomena that can be described as quasi-steady 
state, for example, conditions during faults, imbalances, etc. In 
this section, we present modeling and analysis methodologies 
that are applicable to these systems and capable of capturing the 
phenomena that affect power quality. We present time domain 
analysis methods as well as steady state analysis methods. The 
common part of the proposed methodologies is the general 
model of the system that accommodates 3-wire, 4-wire and 5-
wire subsystems interconnected in any arbitrary fashion. 
Specifically, a unified time and frequency domain modeling 
approach is proposed, using a specific modeling principle. The 
modeling principle results in physically based quadratized 
component models and the use of Newton’s method to obtain the 
network solution.  A brief description of the method (both 
frequency domain and time domain) is presented next. 
 
Time Domain Analysis: Any power system device is 
described with a set of algebraic-differential-integral equations. 
These equations are obtained directly from the physical 
construction of the device. It is always possible to cast these 
equations in the following general form: 
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where i : vector of terminal currents, 
 v : vector of terminal voltages, 
 y : vector of device internal state variables 
 u : vector of independent controls. 

Note that this form includes two sets of equations, which are 
named external equations and internal equations respectively. 
The terminal currents appear only in the external equations. 
Similarly, the device states consist of two sets: external states 
(i.e. terminal voltages, v(t) ) and internal states ( i.e. y(t) ). The 
set of equations (1) is consistent in the sense that the number of 
external states and the number of internal equations equals the 
number of external and internal equations respectively. 

Note that equation (1) may contain linear and nonlinear terms. 
Equation (1) is quadratized, i.e. it is converted into a set of 
quadratic equations by introducing a series of intermediate 
variables and expressing the nonlinear components in terms of a 
series of quadratic terms. The resulting equations are integrated 
using a suitable numerical integration method. Assuming an 
integration time step h, the result of the integration is given with 
a second order equation of the form: 
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where b1(t-h), b2(t-h) are past history functions. 

The network solution is obtained by application of Kirchoff’s 
current law at each node of the system (connectivity constraints).  
This procedure results in the set of equations (3). To these 
equations, the internal equations are appended resulting to the 
following set of equations:  

 A i t Ik k

k
inj( )∑ =     (3) 

 internal equations of all devices  (4) 

where Iinj is a vector of nodal current injections (external 

injections), Ak is a component incidence matrix with: 
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i tk ( )  is the vector of terminal currents of component k. 

Note that Equations (3) correspond one-to-one with the external 
system states while Equations (4) correspond one-to-one with the 
internal system states. The vector v tk ( )  of component k terminal 
voltages is related to the nodal voltage vector v(t) by: 

  v t A v tk k T( ) ( ) ( )=   (5) 
 
Upon substitution of device equations (2), the set of equations 
(3) and (4) become a set of quadratic equations: 
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where x(t) is the vector of all external and internal system states. 
 
These equations are solved using Newton’s method.  
Specifically, the solution is given by the following expression. 
 

))()()()(
)()()(

)(()()( 2

1
11 htbtxtBtx

txtBtx
tAxJtxtx T

T

−+
















+−= −+

M

νν

νν

ννν    (7) 

where: J is the jacobian matrix of equations (6) and )(txν  are 
the values of the state variables at the previous iteration. 
 
Frequency Domain Analysis: Starting from the quadratized 
equations (1) and assuming that the device operates under steady 
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state (single frequency) conditions, equations (1) are transformed 
into the following set of complex equations: 
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Where  kI~ : vector of terminal currents, 

kV~ : vector of terminal voltages, 
kY~ : vector of device internal state variables, 

[ ]Tkkk YVX ~~~
= ,    

sCoordinatecartesianinXvectorx kk ~=  

and k
cmpxeqy _ , k

cmpxeqb _ , and k
realeqf _  are matrices with 

appropriate dimensions. )(•F  denotes a function mapping from 
a real vector to a complex vector. Note that this form includes 
two sets of equations, which are named external equations and 
internal equations respectively. The terminal currents appear 
only in the external equations. Similarly, the device states consist 
of two sets: external states (i.e. terminal voltages, kV~ ) and 
internal states kY~ . The set of equations (8) is consistent in the 
sense that the number of external states and the number of 
internal states equals the number of external and internal 
equations respectively. The form of equations (8) resembles the 
Norton form for electrical components. For this reason we have 
named the model (8) the Generalized Norton Form (GNF). 
 
The network equations are obtained by application of the 
connectivity constraints among components. For electrical 
circuits, the connectivity constraints are simply Kirchoff’s 
current law at each node of the system.  This procedure results in 
the set of equations (9).  To these equations, the internal 
equations are appended resulting in the set of equations (9) and 
(10):  
 

0IA
k

kk =∑ ~
    (9) 

internal equations of all devices  (10) 
 

where kI~  is component k terminal currents composed of the 
currents at the composite nodes k1, k2, etc.  Ak is a component 
incidence matrix. This matrix has been defined earlier. 
 
Let V~  be the vector of voltages at all the nodes of the system 
grouped by composite nodes. Then, the following relationship 
holds: 
 

VTkk AV
~)(~ =     (11) 

 

where kV~  is component k terminal voltages. Upon substitution 
of device equations (1) and incidence equations (11), the set of 
equations (9) and (10) become a set of quadratic equations:   
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where X~  is the vector of states composed of all the components’ 
state kX~ ; x is the vector of network states composed of all the 
components’ state kx ; BfY ,,~ , etc., are matrices with 
appropriate dimensions. These equations are the network 
equations. The simultaneous solution of these equations is 
obtained via Newton’s method described next. 
 
The numerical algorithm for solving the network equations (12) 
consists of two steps. First, we convert the network equations 
(12) into cartesian coordinates by simply replacing each complex 
variable with its cartesian form and separating the real and 
imaginary parts of the complex equations. The procedure is 
equivalent with replacing each element in Y~  with its 
corresponding 22×  Hermetian matrix. In particular, ijY~  is 
replaced by: 
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where superscript r denotes real part and superscript i denotes 
imaginary part. Then, equation (12) is transformed into Equation 
(13) below: 
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Equation (13) is solved using Newton’s method. Specifically, the 
solution is given by the following algorithm: 
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where ν  is the iteration step number; J  is the Jacobian matrix 
of equations (13). In particular, the Jacobian matrix takes the 
following form: 
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Algorithm (14) guarantees quadratic convergence since it is 
Newton’s method applied to a set of quadratic equations. In fact, 
algorithm (14) converges in two or three iterations. 

 

Applications 
The proposed methodologies have been implemented and their 
application for power quality analysis is described next. We 
focus on voltage variations and specifically the distribution of 
voltage disturbances and how they are related to design 
parameters. 

Example Test System: Figure 1 illustrates the example system. 
Note that it is a small section of a typical distribution circuit with 
voltage correction capacitors placed at specific points of the 
system. Note also that the grounding of the system is modeled.  

Voltage Sags and Swells: Sequences of fault initiation, fault 
clearing and reclosing result in voltage sags for certain customers 
and voltage swells for others. The level of the voltage swells and 
sags depends on grounding system design. This fact had been 
recognized long time ago. For example, an IEEE committee has 
published expected values of overvoltages on unfaulted phases 
during a ground fault. Similarly, international standards have 
published similar results. These calculations have been based on 
power system models that assumed symmetry (symmetrical 
components). Because the power system components are not 
symmetric, the voltage swells that will appear in unfaulted 
phases are different from what the symmetric models predict.  
The method presented in this paper provides the exact voltage 
swells and voltage sags for any fault at any location and for any 
design system in terms of neutral size, grounding design, etc. As 
an example, Figure 4 illustrates the voltage swells and sags along 
a circuit during a single line to ground fault. Note that the two 
unfaulted phases experience a different level of voltage swells 
due to the asymmetry of the system. 

G

13.8 kV Distr. Line
Phase: ACSR, 795 kcm, Neutral: ACSR, 715.5 kcm

Length: 3.5 mi, Span: 440 ft, Pole Grd: 85 ohms

13.8 kV Distr. Line
Phase: ACSR, 795 kcm, Neutral: ACSR, 715.5 kcm

Length: 1.5 mi, Span: 440 ft, Pole Grd: 85 ohms

Six Pulse Converter Load
1500 kVA, pf 0.85

Three Phase Cap Bank
1200 kVAr

Three Phase Cap Bank
1200 kVAr

Equivalent 115 kV Source
Z1=Z2=j10 ohms, Z0=j15 ohms

1
2 30 MVA, 115/13.8kV XFMR

Delta/Wye Connected, Z=j0.08 pu

1
2

2.5 MVA, 13.8/0.48kV XFMR
Delta/Wye Connected, Z=j0.12 pu

SOURCE

BUS2C BUS2

BUS3

BUS1

BUS13KV

LOAD

BUS1C

  
Figure 1. Example Test System for Harmonic Resonance 

The faulted phase experiences voltages sags that vary along the 
length of the circuit. Figure 4 illustrates the voltages with respect 
to the neutral. Figure 5 illustrates the absolute voltages of the 
same phases and same fault condition as well as the voltage of 
the neutral. Note that the neutral voltage varies along the length 
of the circuit. It is also important to note here that the absolute 
voltage swells of the unfaulted phases are lower than the voltage 
swells relative to the neutral. The difference is due to the voltage 
elevation of the neutral due to the ground fault. The level of the 
neutral voltage elevation is dependent upon the design of the 
grounding system. 

What is more important is the statistical distribution of the 
voltage swells or voltage sags for various types of faults that may 
occur in the system. This topic is discussed next. 

 
Figure 4. Distribution of Voltage Swells and Sags for a 

Specific Fault Condition and Circuit Design – Deviation from 
Nominal, Voltages to Neutral 
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Figure 5. Distribution of Voltage Swells and Sags for a 

Specific Fault Condition and Circuit Design – Deviation from 
Nominal, Absolute Voltages 

A powerful method to statistically assess the performance of the 
system relative to power quality is the Monte Carlo simulation.  
For this purpose, probability distribution functions of random 
events must be modeled. Then the method consists of the 
following procedure: first an event is selected (randomly from 
the known distributions). Then, the condition is simulated and 
the effects of the condition on power quality are quantified. The 
procedure is repeated many-many times and the results are 
summarized into statistical distribution of maximum 
overvoltages or current at any selected point in the circuit or as a 
maximum violation of a criterion, etc. The method is applied to 
to determine the statistical distribution of voltage swells and 
sags. Specifically, the test system of Figure 1 has been used to 
illustrate the computation of voltage sags and swells distribution 
using a Monte Carlo simulation. For this purpose, an electric 
fault type is randomly selected (phase A to neutral, Phase A to 
Phase B, etc), the fault is applied to a randomly selected location 
of the system (along any circuit) and the condition is simulated 
to determine the voltage at a specific customer point. The 
process is repeated many-many times and the results are 
tabulated into a probability density function, or a cumulative 
distribution function. Figure 6 illustrates the results of this 
simulation for a customer location at BUS2. Note there is 
substantial probability for voltage sags to the range (0 to 2 kV) 
and another substantial probability for voltage swells in the range 
(8 kV to 11 kV). Figure 7 illustrates the probability density 
function of the absolute voltages. Note the difference that is 
mainly due to the voltage elevation of the neutral during faults. 
The proposed model provides a quantitative method to assess 
this effect.  

Transient Voltage Disturbances: Switchings and lightning can 
initiate transients that propagate through the system and reach 
sensitive customer equipment. The described time domain 
simulation method computes the transients reaching any point of 
the system.  Thus the transient voltage waveforms at specific 
devices terminals are computed and can be compared to the 
withstand capability (susceptability curve) of the equipment.  
This procedure is illustrated in Figures 8 and 9. Figure 8 
illustrates the system, the disturbance and the calculation of the 

transient voltage waveforms.  Figure 9 illustrates the 
identification of the frequency and duration content of the 
waveform and the placement of the disturbance on the 
susceptibiulity curve of the equipment. In this way one can 
determine, by inspection, the effect of the disturbance on the 
equipment. Note that the computation procedure requires two 
components: (a) transient voltage computation by means of 
system-wide disturbance analysis, and (b) characterization of the 
disturbance at a specific site in terms of frequency content and 
peak value. 
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Figure 6. Probability Density Function of Voltages (Phase to 

Neutral) at BUS2 
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Figure 7. Probability Density Function of Voltages (Absolute 

Voltages) at BUS2 
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Figure 8. Time Domain Simulation of Transient Voltages 
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Figure 9. Disturbance Characterization Relative to the 

Susceptibility Curve 

The transient disturbances can occur in many different forms and 
they are dependent upon parameters that exhibit random 
variations, such as lightning crest and rise time, switching time 
relative to the power frequency cycle, etc. For these reasons, it is 
important to evaluate the transients under all possible variations 
of the important parameters. A useful method for this purpose is 
the Monte Carlo simulation described earlier. The Monte Carlo 
simulation is applied to an example system for the purpose of 
providing the distribution of transient voltages due to lightning 
and their relationship to the susceptibility curve of a specific end 
use equipment.  

The example system is illustrated in Figure 10. The system 
consists of an industrial facility with electronic equipment. It is 
fed from an overhead 12 kV distribution circuit via a 0.5 mile 
underground distribution cable. The facility has a ground loop 
around the building and the transformer neutral is bonded to the 
ground loop. 

 

Transformer

Arrester Fuse

Ground Rods

L1

L2
N

G

Ground Loop

Sensitive
Electronic
Equipment

 
Figure 10. Disturbance Characterization Relative to the 

Susceptibility Curve 

The system of Figure 10 has been evaluated with a Monte Carlo 
simulation. The point of interest is the sensitive electronic 
equipment illustrated in Figure 10. A large number of lightning 
and switching trials have been simulated and the transients at the 
terminals of the electronic equipment have been recorded, 

characterized and superimposed on the susceptibility curve. The 
results are illustrated in Figure 11. The results illustrate that there 
are two clusters of overvoltages, one resulting from lightning and 
another resulting from switching. The results also provide 
information on the magnitude of these disturbances as related to 
the susceptibility of the electronic apparatus. One view of the 
results of Figure 11 is enough to realize that there is a significant 
number of events that will result in power quality problems for 
this system. It should be also apparent that the method can be 
used to assess the effectiveness of specific design modifications 
on improving the power quality of the system. For example, the 
grounding of the facility and the 0.5 mile long cable can be 
modified (improved) by adding another ground conductor. Then 
the Monte Carlo simulation can be repeated. The performance 
gains then can be assessed and the cost effectiveness of the 
design modification can be quantified.  
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Figure 11. Statistical distribution of Disturbance Voltages 

Relative to the Susceptibility Curve 

Needs and Future Developments 
 
The electric power system is continuously evolving. Recent 
emphasis is in distributed generation. At the same time, most 
power quality problems are associated with secondary 
distribution systems, i.e. systems operating at 480 volts or 2x120 
volts. Distributed generation has the potential to contribute a fair 
amount of power quality problems or to provide nice solutions 
for premium power quality. For example, most newer distributed 
generation systems are interfaced to the system via power 
electronic devices that have the capability to provide additional 
controls to the system, for example to control the level of 
imbalance in the system, the neutral voltage under normal 
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operating conditions (stray voltages), etc. It is important to 
address these issues and the associated design problems with 
new methodologies that help to understand the behavior of the 
system and to provide appropriate solutions. In addition to 
voltage disturbances, one should be concerned with the stability 
properties of the system, the capability of distributed generation 
to maintain synchronism under voltage disturbances and a host 
of other problems. The proposed methodology is a start towards 
addressing these issues. We expect that the proposed modeling 
and analysis methodologies will result in better tools for power 
quality assessment band improvements in the new complex 
electric power systems. 
 

Summary and Conclusions 
 
This paper presented a physically based modeling and analysis 
method of power systems with explicit representation of 3-wire, 
4-wire and 5-wire systems. The method provides frequency 
domain solutions as well as time domain solutions. The model 
can be used to evaluate typical power quality problems on 
distribution systems. Because the modeling is physically based, 
one can directly relate design parameters to power quality 
performance of the system. Application examples have been 
presented that clearly correlate power quality performance to the 
design of the system. 
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