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Defining Reactive Power in Circuit Transients via
Local Orthonormal Representations

H. Lev-Ari A.M. Stankovic

Abstract— The paper introduces the notion of reactive Il. TIME-VARIANT REAL AND REACTIVE POWER
power during circuit transients. The definition we propose
is based on the concept of local Hilbert space. It reduces to Consider am-phase system, i.e., a system witht 1
well known quantities in steady state, and it is applicable®@ conductors (“wires”) in which first are referenced either
systems with arbitrary number of phases. We present the to a common ground, or thie, + 1)-st (“neutral”) conduc-
cpncept in_terms of_t\{vo local representations, nam(_ely Shoit tor. Then we can define the-dimensional voltage(t)
Time Fourier Coefficients and Haar Wavelets. We illustrate and current vectori(t), where all currents have reference

this “dynamic” reactive power on a simple example of alin- . . “ " .
ear RL circuit for which closed-form expressions can be de- directions “toward” the load. The |Qesftantaneous power de-

rived. livered to the load is defined agt) = i(t) " v(t). We de-
fine the time-variant real (active) power as a “short-term”
DC component (local in time) of the prodysft), namely

. 1 t
I. INTRODUCTION Py(t) def ?/ i(s)Tv(s)ds (1)
t=T

In many energy processing applications there has b%&te that this quantity need not be positiee every ¢, but
recently an increased interest in concepts of reactive{in . " . hic o
Its long term average is positive for passive loads. This re

tive) power in cases of multiple driving frequencies and in : : . . .
i L sult motivates us to introduce a time-variant Hilbert space
transients. In large part this is in response to the emeeggenc

. . . framework for real-valued polyphase signals with the finite
of new classes of loads that are interfaced with utility sy Polyp g

. Y SYRScal power, viz.
tems through power electronic converters. In particular,

literature on electric drives and power electronic convert 1
ers focuses on the so called instantaneous reactive power T

[1] which is obtained via an instantaneous projection of the _ _ o
current onto the voltage. This quantity is identically zergOr @ fixed %" our space consists of finite signal segments,

in single phase systems, and turns out to be related the §&4 We define the (time-variant) inner product as
of reactive power that can be compensated without energy 1 rt
. . def T
storage [2]. Another recent suggestion from the literature (z,9)(t) = 7 / y(s) z(s)ds 2
is to use the “ac part” of the instantaneous power [3]. This =T
signal is not very indicative of loads commonly perceivediith this definition,Py(t) = ( v, 7 ) (¢).
as reactive, as it is nonzero in steady state even for a "”eaéimilarly

t
/ l|lz(s)||?ds < oo, forallt
t—T

the time-variant rms voltage and current are

resistor.

In this paper we follow the path outlined in [2] and [4] loll(t) & /v, 0 ) (),
to define reactive power in transients. The definitions we ‘ def _
propose are applicable to an arbitrary number of phases. [201(1) = v/ (i, 4)()

We illustrate our development on a single phase syst¢fBcause of the Cauchy-Schwarz inequality we have

because it suffices to demonstrate salient features of jb(t)e(t) < |Ivl2(@®)]i]|2(¢), which suggests the definition of
pI’Oblem, while the necessary notation remains Simple.til'he_varying reactive power

will turn out that the concept of a local Hilbert space is
instrumental for our development, as we explain shortly. Q) def \/||v||2(t) - lil12(t) — P2(2) (3)

and the time-varying power factor
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1. TIME-VARIANT FOURIER SERIES where we assume that for &l £
Our time-variant Fourier series representation is based 1 / T *
: . — dr =9 8c
on the so-called Short-Time Fourier Transform (STFT). T /o Pr(7) i (r)dr kit (&)

This means we associate a Fourier series represent

a{;\?n . . -
i L ita o e call x;(¢) the time-variant Haar coefficients aft).
with the finite signal segment Xk () ()

In particular, our Fourier series representation (6a)-{§b

{z(s); t—T <s <t} (5) obtained by setting

_ . () =775 and Xi(t) = xu(t)e 7" (9)
where we considert" as a parameter, viz.
Because of orthonormality df¢x ()}, the Parseval iden-
tity (7) still holds, but with the Fourier coefficients re-

o0
_ Jkws o <
a(s)= Y, Xu®)er, =T <s <t (6a) placed by Haar coefficients.

k=—00
The inner product expression (8b) can be rewritten, via
and : a change of the integration variable, as
Xi(t) = %/ z(s)e k3 ds (6b) 1 [T
-1 wt) =7 [ at=ngne a0

where T is the duration of a cycle (or the period in a
steady state). We are interested in energy processing syBich identifies x;(¢) as the output of a linear time-
tems where this quantity is typically fixed in advance tmvariant filter with impulse responde,(7) = lr¢; (7).
o (or 1/50). The harmonic coefficienX(¢) is a function Typically the basis function§gy (-) } are chosen to decom-
of the parametet except whenz(-) is a periodic signal pose the frequency content of the signdt) into (par-
with period7": in this caseX(¢) is independent of, and tially overlapping) frequency bands. For instance, in the
coincides with the standard Fourier coefficient. Fourier series case (R (t) is centered at the frequency
The Parseval identity for the Fourier series (6a) can b+ Which motivates the definition of a baseband equiva-
written in the form lent X1, (t) = xx(t)e~7**, leading to our definitions (6a)-
(6b).

(o, y)(1) =D Y ()Xx() (7)  Inthe case of Haar representation the orthonormal fam-

ily is doubly indexed, namely
where we used our definition (2), and where the SUPETa, o(7); 2 < k < oo, 0< <2k 11}, where

script H denotes complex conjugate (Hermitian) trans-

pose. This means that the space of polyphase sigttals bro(T) = \/Qk—lzp(zk_ll —0) (11a)
on (¢t — T,t] and the space of their Fourier coefficients T

{X(t)} areisometric , and can be used interchangeablynd

1
We shall carry our subsequent discussion mostly in terms I 0<z<y
of Fourier coefficients. Notice that sineg-) is real val- Y(r)=¢ —1 % <z <1 (11b)
ued, its Fourier coefficients must be conjugate-symmetric, 0 elsewhere

e, X (t) = X;(¢).
i In addition, the orthonormal basis includes the “DC func-

IV. GENERALIZED ORTHONORMAL SERIES tion

1, O0<7<T
Instead of the Fourier series (6a) we can use some other doo(r) = 0, elsewhere (11c)
orthonormal basis of the Hilbert space of square integra%lﬁd the “first Haar harmonic”
waveforms on[0, 7], such as the Haar basis [5]. This
means that (6a) is replaced by bro(T) = 1/,(%)
z(s) =) xe(t)ge(t—s), t—T <s <t (8a) Notice that fork > 2 and for all0 < ¢ < 2F1 _ 1,

k the time-variant Haar coefficient, ((t) is a time-delayed

and version ofyy, o(t), viz.,

1 t
Xk(t) = 7 /t_T$(8)¢Z(t — s)ds (8b) Xk,e(t) = xr,0(t — K%i_l) (12)



CARIBBEAN COLLOQUIUM ON POWER QUALITY (CCPQ), JUNE 2003 102

1 ‘ ‘ ‘ ‘ ‘ ‘ ‘ In summary, the time-variant Fourier coefficients:(f)
are (fort > T)

o
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oy WO A .1 then the only significant harmonics are the zero-th and the
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0 - 2 = first one.
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Frequency (in multiples of 60 Hz)

Since the “DC basis function” in the Haar basis is
Fig. 1. Haar wavelets in frequency domain (for T=1/60 sec)¢, o(7) = 1 for 0 < 7 < 1, the corresponding coefficient
is the same as in the Fourier basis, viz.,

Thus, for each value df we need to evaluate onfy; o (%),

. . ! aT' _
and we obtain all otheyy, ((t) by ap_plymg an appropriate Too(t) = Iy(t) = itr(O)e . 1€—at
delay. Eachyso(t) represents a different frequency band «
(see Fig.1). For the remaining Haar coefficients we have
V. EXAMPLE (TRt — 1)2 v

Folt) = = O R

Consider a single-phase RL circuit, driven by the voltage ) )
™ ™ .
o) - { Vsinwt ¢>0 (1 — cos 2—k> [cos ok (coswt + ( sinwt)
0 t<0 . 2T
+ sin — (sinwt — ¢ cos wt)]

k
The resulting curreni(t) satisfies the differential equation 2
(for t > 0) Ldilz; + Ri = v which admits the solution In addition (recall (12)), fork > 2, Zj ¢(t) = Ty o(t —
0L )foro < ¢ < 2k=1 _ 1. 1In particular, the first Haar

’L(t) = zss(t) + Zt’r‘(t) 2k—1 o
harmonic is
with the steady state and transient components(of T 9y
. o
given by T10(t) = —tanh — Iy(t) ——=——~(cos wt+( sin wt
_ V sinwt —(coswt to(t) 4 olt) TR(1+ C2)( ¢ )

Z.ss(’l’) - R 1+ CQ
Notice that fork > 1 the Haar coefficient%}, o(t) consist

itr (t) = [1(0) — i5(0)] €™ of both a transient component and a steady state compo-

def nent. This is so because the linear filter used to extract the

wherea = R/, ¢ def w/, . Since the steady-state compo-

nenti,, (¢) is periodic, it consists of a single Fourier har-i@ar coefficientyq(t) from the curreni(t) has a nonzero

monic with a time-invariant amplitude and phase. As 3N at the first harmonic frequenayfor all & > 1 (see
result. fort > T Fig.1). As a result, the steady state compongpft)

“leaks through” this filter, making a contribution g o ()

ML-_ k=1 for all £ > 1. The magnitude of the steady state compo-
1 . o . | 2y whi
T/ iss(8)eTHWSds = smg k=-1 nent ofZ;, o(t) is proporﬂonal to(1 — cos22—k), which de-
t=T 0 else cays exponentially witlk, namely,l —cos 2f ~ 2r2.27 2%,

The magnitude of the transient componentZfy(t) is

The transient component, on the other hand, contributespt@portional tc,e—at(eaT/zk —1)2, and it also decays with
all harmonics, viz., k as2—2k

T —1 _ , e dkwt Nevertheless, the “first Haar harmonic” coefficient

—

1/t ;
= : —jkws —
T /t_T ior(s)e ds = (0) o © 14 k¢ T 0(t) is quite similar to its Fourier counterpart. Since
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Fig. 2. Current(t) during the transient. Fig. 3. Magnitude of fundamental harmonic coefficidntt)

during the transient.
71 ,0(t) is a passband signal, it should be compared with

, 1 andVi(t) = Vi, e v, we get (fort > T)
WML} = —It)
b Po(t) = WAL () + VY L(t) = 2R {ViF; (1)}
. 2 .
+——— [sinwt — ¢ cos wt] _ |4 7 ( coswt + sinwt
R(1+¢?) SRAT D + VIy(t) e
which differs fromZ; o(t) only in terms of amplitude and Of course, ag — oo, the transient component of the cur-
phase. rent decays and
In summary, Fourier coefficients provide better fre- V2
quency localization, at least in steady state, while Haar Jim Py(t) = RO LD

coefficients provide better time localization, due to the re
duced length of the interval used to evaluate them: theext, ||v]|2(t) = V’/s = 2|V1/?, and

Haar coefficientZ;, ,(t) is evaluated fromi(¢) values in 9 211112 . 9
[t — (€ + 1) 55+, — L5+ ]. Since our example involves Q) = 2"/1‘2“’” (;5) —[2® {1/1112(15)}]
a smooth gradual transition to steady state, the use of 2(Va 2 {Ilall*(¢) — 211(2)1*}
Fourier coefficients appears to be more appropriate. + 28 (Vi If ()}

VI. TIME-VARIANT POWERS IN THEEXAMPLE S0 thatQ*(t) consists of two components:
o [23{ViI#(t)}]?, which is a simple-minded extension

We first display the overall current transient (Fig. Z}om the single phase, single harmonic steady-state expres
where we delineate the first periddwith a dashed ver- sionag (v 17}

tical line. Sincei(t) is undefined fort < 0, the Fourier , oy; 2 {1il2(¢) — 2|11 (#)[2}, which is contributed by
coefficients/(t) can not be determined for< T. If we  he remaining harmonics of the current.

choose to defing(t) = 0 for ¢t < 0, thenIy(t) exhibit an
“initialization artifact” for¢t € [0, T'), as is evident from
Fig. 3 where we show the time variation of the fundamen:*"

Using the closed form expression f}]|?(t) from [6],

tal harmor.uc coefficient of the curreii(t). i) = 2 F coth T 1 2 2] L)
The various power components can now be determined ¢ ¢ +¢
from their definitions (1),(3). Thus, using (7), we obtain
0 ( sinwt — cos wt 2
Po(t)=(v,i)(t) = > IF Vi) O = [CPO VIO ]
k=—o00 2

o +V—I§(t) Teoth™ — 2

but since in this exampl&(t) = 0, except for|k| = 1, 2 ¢ ¢ 1+4¢2
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Ast — oo, Iy(t) — 0, andlimy_, Q(t) = (P, which x(0) for each expansion coefficiert,(¢). If our choice,
is the standard steady-state result for this case. say xx(0), differs from the true initial value, then the re-

In Fig. 4 we show®, () andQ(t) for our example (with constructedy (¢) will differ from the true one. We have

R =019, L = lmH, f = 60Hz). As explained earlier, shown [7] that using a Kalman filter to estimagg(t) re-
sults in an optimal reconstruction in the sense of minimiz-

1 - ‘ : ‘ ‘ ‘ ing the error

-
N
T

t
S / I 2(s) — 4(s) |13 ds
0

=
o
T

TN Reae for all ¢, where

| Z(s) = Z)Zk(t)ﬁbk(t — )

k

o
T

IS

is the estimated signal, obtained by using (8a) with the es-
timated coefficientgy (¢).

Real Power (KW) and Reactive Power (KVAR)
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1 We have also shown that the state space model consist-
ing of (13) together with (8a) is not observable if the only

o

o 002 004 006 0.08 o1 012 o4 measurement used at times z(¢) itself [7]. For the same

Time (sec)

_ _ _ reason,x(0) can not be recovered from knowledge of
Fig. 4. Transient waveforms of real and reactive power. z(0) alone. Instead, our Kalman filter uses at every time

- e . instantt measurements collected at several instants, i.e.,
our waveforms exhibit a large “initialization artifact’ 8u ;) » oy b2y 2 — r,) which makes the
Ing the first period of the supply waveform (approxmatelgtate space model observable and leads to high quality es-
16ms), which is caused by considering all waveforms Bmates ofx (¢)
be zero before = 0 (recall that our closed form expres-

sions hold fort > T' = 1/g).

VIIl. CONCLUSIONS

VII. DYNAMICS OF LOCAL COEFFICIENTS In this paper we proposed a notion of reactive power

The i . 10 h fali during transient operation. The definition utilizes the no-
e interpretation (10) of() as the output of a lin- ;¢ 4 ocal Hilbert space and is fully compatible with

ear tlme—mvarlar;t tf_llter m;ik_es |t|po_si|ble tq tri’imS,l"’mﬂ%tastandard notions in steady state. We presented all concepts
?pigce refptrr(]as_en a |ons_ 0 S'g’]lf"?‘? mto (_ar?]uwa_fn represltanterms of generalized orthonormal coordinates, and ex-
ations ot their expansion coetlicients. Thus, 1 plored Fourier and Haar bases in detail. While our illustra-

#(t) = Az(t) + Bu(t) tive example is quite simple, it also suggests the postibili
of on-line control that would aim to compensate reactive
then, from (8b) power during transients.
Xk(t) = Axx(t) + Buy(t) (13) REFERENCES

where vy, (t) are the expansion coefficients of the inpdfl] H. Akagi, Y. Kanazawa, and A. Nabae, “Instantaneous
u(t). Itis important to notice that (13) holds for any or-  reactive power compensators comprising switching
thonormal representation. In fact, it is a direct outcome of devices without energy storage component$fZEE
(10), and does not rely on any specific properties of the Trans.onInd. Appl., vol. 20, pp. 625-630, 1984.
waveformey(-). For example, in the case of Fourier serid2] A.M. Stankovi¢ and H. Lev-Ari, “Frequency-domain

coefficients (6b), the corresponding equation is of the form ©observations on definitions of reactive powetEEE
Power Engineering Review, vol. 20, no. 6, pp. 46-48,

Xp(t) = (A — jhwl) Xy (t) + BUL(t)  (14) 2000.
) o ) ) [3] H. Kim, F. Blaabjerg, and B. Bak-Jensen, “Unified
where[ is the appropriate identity matrix. definition of powers in single phase systems and three
When vy (t) are known, thery(¢) can be propagated  phase systems,” iBuropean Power Electronics Conf.,
via (13).This requires, of course, to select the initialieal 2001.



CARIBBEAN COLLOQUIUM ON POWER QUALITY (CCPQ), JUNE 2003 105

[4] A.M. Stankovit and T. Aydin, “Analysis of unbalanced
power system faults using dynamic phasorsEEE
Trans. on Power Systems, vol. 15, no. 3, pp. 1062—
1068, 2000.

[5] C.S. Burrus, R.A. Gopinath, and H. Guimtroduction
to Wavelets and Wavelets Transforms, Prentice Hall,
1997.

[6] H. Lev-Ari and A.M. Stankovict, “Defining reactive
power in circuit transients via local fourier coeffi-
cients,” inlEEE Intl. Symp. on Circuits and Systems,
2002, vol. 5, pp. 689 —692.

[7] A.M. Stankovic, H. Lev-Ari, and M.M. PeriSi¢,
“Kalman filter-based estimation of short-time Fourier
coefficients in energy applications,” IEEE Conf. De-
cision and Control, 2003, Submitted.



